Abstract. Motivated by recent works on localizations in A-twisted gauged linear sigma models, we discuss a generalization of toric residue mirror symmetry to complete intersections in Grassmannians.
Introduction
A-twisted gauged linear sigma models are 2-dimensional topological field theories introduced by Witten [Wit93] . An A-twisted gauged linear sigma model is specified by a reductive algebraic group G (or its compact real form) called the gauge group, an affine space W with a linear action of G × G m called the matter, and an element ξ of the dual z * of the center of the Lie algebra of G called the Fayet-Iliopoulos parameter. The weight of the G m -action is called the R-charge. One can also introduce a superpotential in the theory, which is a G-invariant function on W of R-charge 2. The correlation functions, which are quantities of primary interest, do not depend on the potential.
An A-twisted gauged linear sigma model with a suitable Fayet-Iliopoulos parameter is expected to be equivalent to the topological sigma model whose target is the classical vacuum subspace of the symplectic reduction W/ / ξ G. This comes from a stronger expectation that the low-energy limit of a gauged linear sigma model should give the non-linear sigma model whose target is the symplectic reduction W/ / ξ G. 
Correlation functions of A-twisted gauged linear sigma models
2.1. Let G be a reductive algebraic group of rank r, and W be a representation of G × G m . The center of G and its Lie algebra will be denoted by Z(G) and z(G). Fix a maximal torus T of G, and let t be its Lie algebra. The set of roots, its subset of positive roots, and the Weyl group will be denoted by ∆, ∆ + , and W := N(T )/T . Let W = N i=1 W i be the weight space decomposition of W with respect to the action of T × G m . The weight of W i will be denoted by (ρ i , r i ) ∈ t ∨ ⊕ Z, and r i will be called the R-charge. If W admits an action of another torus H commuting with the action of G × G m , then one can introduce the twisted mass λ ∈ h in the theory, which corresponds to the equivariant parameter for the H-action. The T × G m × H-weight of W i will be denoted by (ρ i , r i , ν i ) ∈ t ∨ ⊕ Z ⊕ h ∨ . We also introduce the complexified FayetIlliopoulos parameter t ′ ∈ z ∨ ⊗ R C, which corresponds to the complexified Kähler form of the symplectic quotient. Here, we save the unprimed symbol t for the indeterminate in the generating function of quasimap invariants (see (3.4.1), (3.11.1), (4.2.4) and (12.7.4)).
For d ∈ t and t ′ ∈ z ∨ , the composition of the surjection z ∨ ։ t ∨ dual to the inclusion t ֒→ z and the evaluation t ∨ × t → C will be denoted by t ′ · d. Here the superscripts 'vec' and 'mat' stands for the vector multiplet and the matter chiral multiplet respectively. According to [BZ15, CCP15] , the correlation function of a W-invariant polynomial P (x) ∈ C[t]
For d ∈ t and x ∈ t, let
W on a 2-sphere is given, up to sign introduced by hand, by
)). (2.2.4)
Here P ∨ is the coweight lattice of G and JK c is the Jeffrey-Kirwan residue defined in [SV04, Section 2] (cf. also [BV99] ). The cone c ⊂ z ∨ is the ample cone of the GIT quotient determined by the Fayet-Iliopoulos parameter η.
2.3. One can introduce a variable z associated with the background value of an auxiliary gauge field in the gravity multiplet. This corresponds to the equivariant parameter for the G m -action on the domain curve. This turns (2.2.1) into the product 3. Quasimap spaces for projective spaces 3.1. A holomorphic map u : P 1 → P n−1 of degree d is given by a collection (u i (z 1 , z 2 ))
of n homogeneous polynomials of degree d satisfying the following condition:
There exists no (z 1 , z 2 ) ∈ A 2 \ {0} such that u(z 1 , z 2 ) = 0 ∈ A n . (3.1.1) Two collections (u i (z 1 , z 2 )) n i=1 and (u ′ i (z 1 , z 2 )) n i=1 define the same map if and only if there exists α ∈ G m such that u i (z 1 , z 2 ) = αu ′ i (z 1 , z 2 ) for all i ∈ {1, . . . , n}. It follows that the space M(P n−1 ; d) := u : P 1 → P n−1 deg u = d (3.1.2) of holomorphic maps of degree d from P 1 to P n−1 can be compactified to the projective space of dimension n(d+1)−1, whose homogeneous coordinate is given by the coefficients (a ij ) i,j of the collection (u i (z 1 , z 2 )) This compacification is called the quasimap space and denoted by Q(P n−1 ; d). An element of the quasimap space is called a quasimap.
A point [z
1 is a base point (or singularity) of a quasimap u if u(z 1 , z 2 ) = 0. A quasimap is a genuine map outside of the base locus. If the degree of the base locus is d ′ , then a quasimap can be considered as a genuine map of degree d − d ′ . However, it is more convenient to think of a quasimap as a morphism to the quotient stack [
It is a quasimap if the generic point of P is mapped to the semi-stable locus A n \ {0}.
3.3. Let x ∈ H 2 (Q(P n−1 ; d); Z) be the ample generator of the cohomology ring of
where
is the integration over the quasimap space. It follows from 
is the 3-point Gromov-Witten invariant. It is an associative commutative deformation of the classical cohomology ring;
Since the virtual dimension of the moduli space of stable maps is given by
The 3-point Gromov-Witten invariant in (3.5.2) is non-zero only if
Since there is a unique line passing through two points on P n−1 in general position, and this line intersects a hyperplane at one point, one has x • x n−1 = q. Hence the ring structure of the quantum cohomology of P n−1 is given by
We write the ring homomorphism C[x] → QH(P n−1 ) sending x to x as P (x) →P (x).
Theorem 3.6. For any P (x) ∈ C[x], one has
Proof. Since both sides of (3.6.1) is linear in P (x) ∈ C[x], it suffices to show
for any k ∈ N, which is obvious from (3.3.5) and (3.5.8).
Theorem 3.6 is equivalent to the Vafa-Intriligator formula [Vaf91, Int91] : 6 Corollary 3.7 (Vafa-Intriligator formula for projective spaces). For any P (x) ∈ C[x], one has
where the sum is over λ ∈ C q 1/n satisfying λ n = q.
Proof. Since the integration over the projective space can be written by residue as
and (3.7.1) is proved.
3.8. The projective space P n−1 has a natural action of GL n , which restricts to the action of the diagonal maximal torus H. The equivariant cohomology is defined as the ordinary cohomology H *
where EH is the product of n copies of the total space of the tautological bundle O P ∞ (−1) over BG m = P ∞ . It follows that P n−1 H is the projectivization P(E) of the vector bundle
A standard result on the cohomology of a projective bundle (see e.g. [GH78, page 606]) shows that H * (P
The H-fixed locus (P n−1 ) H consists of n points {p i } i=1 , where p i is the point [z 1 : · · · : z n ] ∈ P n−1 with z i = 1 and z j = 0 for i = j. Since the tautological bundle O P(E) (−1) restricts to π
The push-forward
along the natural map (P n−1 ) H → (pt) H ∼ = BH is called the equivariant integration. The localization theorem [AB84] shows
3.9. The quasimap space Q(P n−1 ; d) has a natural action of H × G m given by
The equivariant cohomology of Q(P n−1 ; d) with respect to this torus action is given by
is given by
The H × G m -equivariant correlator is given by
The H-equivariant correlator P (x) H P n−1 and the G m -equivariant correlator P (x)
are obtained by setting z = 0 and λ = (λ 1 , . . . , λ n ) = 0 respectively. 3.10. The fixed point of the G m -action on Q(P n−1 ; d) is the disjoint union
Each of these connected components is isomorphic to P n−1 , and the base locus is i0
There is a natural map ev : Q • (P n−1 ; d) → P n−1 called the evaluation map, and one has
⊕nd , whose equivariant Euler class is given by
The equivariant I-function is defined by
The non-equivariant I-function is defined similarly, and given by setting λ = 0 in (3.10.5); The equivariant I-function can also be considered as a H * H (P n−1 ; C)-valued analytic function, which is multi-valued as a function of q and single-valued as a function of t = log q.
3.12.
There is a G m -equivariant evaluation map ev 0 :
By abuse of notation, we also let x denote the G m -equivariant Euler class of the line bundle ev *
on the quotient stack with weights ((1, . . . , 1), 1).
Let
localization with respect to the G m -action shows that
The factorization of the H × G m -equivariant correlator is proved similarly as
This can also be regarded as a purely combinatorial proof.
3.13. Let ev : M 0,1 (P n−1 ; d) → P n−1 be the evaluation map from the moduli space of stable maps of genus 0 and degree d with 1 marked point, and ψ be the first Chern class of the line bundle over M 0,1 (P n−1 ; d) whose fiber at a stable map ϕ : (C, x) → P n−1 is the cotangent line T * x C at the marked point. The equivariant J-function [Giv96] is a H * (P n−1 ; C)-valued hypergeometric series given by
. (3.13.2) 10 3.14. The graph space is defined by G(P n−1 ; d) := M 0,0 (P n−1 × P 1 ; (d, 1)). The source of any map ϕ : C → P n−1 in G(P n−1 ; d) has a distinguished irreducible component C 1 which maps isomorphically to P 1 . Let G(P n−1 ; d) 0 be the open subspace of G(P n−1 ; d) consisting of stable maps without irreducible components mapping constantly to 0 ∈ P 1 . There is a map ev 0 :
0 is a G m -equivariant birational morphism which commutes with the evaluation maps, the push-forwards I d and J d of 1 by ev 0 : G(P n−1 ; d) 0 → P n−1 and ev : Q(P n−1 ; d) 0 → P n−1 are equal, and hence I P n−1 (t; z) = J P n−1 (t; z).
The effective potential (2.4.1) is given by
One can easily see
. gives the relation
in the equivariant quantum cohomology of P n−1 .
Projective complete intersections
. . , w n ] be homogeneous polynomials of degrees l 1 , . . . , l r satisfying the Calabi-Yau condition
Assume that f 1 , . . . , f r are sufficiently general so that
is a smooth complete intersection of dimension n − r − 1, whose Poincaré dual is
is a homogeneous polynomial of degree dl i in z 1 and z 2 , it contains dl i + 1 terms, each of which is a homogeneous polynomial of degree l i in (a kl ) k,l . With this in mind, the Morrison-Plesser class is defined by
, then we have
4.2. The gauged linear sigma model for Y is obtained from the gauged linear sigma model for P n−1 by adding r fields of G = G m -charge −l 1 , . . . , −l r and R-charge 2. One has
which coincides with (4.1.8) under the identification
The mirrorY of Y is a compactification of a complete intersection in C n defined byf
The complex structure ofY depends not on indivisual a i but only on α = a 1 · · · a n . The Yukawa (n-2)-point function is defined by
is the holomorphic volume form onY . The computation in [BvS95, Proposition 5.1.2] shows 
be the total space of the vector bundle associated with the locally free sheaf
Since any holomorphic map from P 1 to Y of positive degree d factors through the zero-section P n−1 → Y , we define the quasimap space to Y as
5.2. To equip Q(Y ; d) with a natural perfect obstruction theory, we think of Q(Y ; d) as the moduli space of morphisms
consists of a line bundle L on P 1 and sections
The degree of the morphism is defined as the degree of L.
5.3. Since the deformation and obstruction spaces for a section of a fixed line bundle are its zeroth and first cohomology groups respectively, the natural obstruction theory for Q(Y ; d) relative to the classifying stack BG m is given by
the evaluation map
is defined by
is the first projection.
Under the identification Q(P
Since π is smooth of relative dimension 1, the complex E ∨ rel (and hence E rel ) is perfect of perfect amplitude 2. The cohomology sheaves of E ∨ rel are given by
and
5.5. The corresponding absolute obstruction theory is given by
where T BGm be the tangent complex of BG m and fgt : Q(Y ; d) → BG m is the forgetful morphism.
The exact triangle
where T p is the relative tangent complex of p. In order to compute T p , consider the base change
and the unit morphism e : Spec C → G m . Then one has
where the third equivalence comes from base change property and the last C denotes the Lie algebra of G m . Hence one has
In general, by the same method, one can see that the pull-back to X of the tangent complex of the quotient stack [X/G] is the complex
where g is the Lie algebra of G.
Since fgt factors through p, we have
gives a short exact sequence
and an isomorphism 
5.7. By [BF97, Proposition 5.6], the perfect obstruction theory E abs leads to the virtual fundamental class
When the degree is zero, the quasimap space Q(Y ; 0) is naturally isomorphic to Y equipped with the trivial perfect obstruction theory, so that 
which coincides with (5.7.12) under the identification 6. Classical mirror symmetry for toric hypersurfaces 6.1. Let N := Z n be a free abelian group of rank n and M :=Ň := Hom(N , Z) be the dual group. Let further (∆,∆) be a polar dual pair of reflexive polytopes in M and N .
6.2. Recall that the fan polytope of a fan is defined as the convex hull of primitive generators of one-dimensional cones. Let (Σ,Σ) be a pair of smooth projective fans whose fan polytopes are∆ and ∆. The associated toric varieties will be denoted by X := X Σ andX := XΣ.
6.3. The set of primitive generators of one-dimensional cones of the fan Σ will be denoted by
Assume that B generates N . One has the fan sequence
and the divisor sequence
where b sends the ith coordinate vector
where Eff(X) denotes the semigroup of the effective curves (see [BM02, §3] 
of algebraic tori. We write the i-th components of the map χ : L → (G m ) m in (6.3.5) as χ i , and the affine line A 1 equipped with the action of L through χ i as A i . Then one has
for a suitable choice of a character θ ∈Ľ ∼ = Hom(L, G m ). 6.7. Choose an integral basis p 1 , . . . , p r ofĽ ∼ = Pic X such that each p i is nef. This gives the corresponding coordinate q = (q 1 , . . . , q r ) onĽ. LetǓ ′ ⊂Ľ reg be a neighborhood of q 1 = · · · = q r = 0, andǓ be the universal cover ofǓ ′ .
6.8. We write the image of the Poincaré residue as
Let H B be the pull-back toǓ of the local system gr 
If we write
then Givental's mirror theorem [Giv98] states that
. 6.12. (6.11.4) implies the existence of an isomorphism
of variations of polarized Hodge structures, which sends F (t)1 on the left-hand side to
on the right-hand side. A stronger statement, which gives an isomorphism of the Γ-integral structure on the A-side and the natural integral structure on the B-side, is proved in [Iri11, Theorem 6.9].
7. Quasimap spaces for toric varieties 7.1. For d ∈ Eff(X) and i ∈ {1, . . . , m}, we set
and define the quasimap space of degree d by
with (6.3.7) in mind. The first Chern class of the line bundle on X d associated with the character χ i of L will also be denoted by u i by abuse of notation. The Morrison-Plesser class is defined by
For a polynomial P (α 1 , . . . , α m ) ∈ C[α 1 , . . . , α m ], we set
where the completion is taken with respect to the ideal generated by Eff(X) \ {0}. Here α d is defined by (6.3.4). 
then for any polynomial R(t 1 , . . . , t r ) ∈ Q[t 1 , . . . , t r ], one has 
Since L is the fundamental solution for the flat connection ∇ B , the function Φ(t, τ ) is obtained by parallel-transporting F (t)1 ∈ (H B ) t and F (τ )1 ∈ (H B ) τ to the fiber at the same point and taking the pairing Q B at that point (the result does not depend on the choice of the point since Q B is ∇ B -parallel). By sending (8.5.5) by (6.12.1), one obtains
Assume that P (α 1 , . . . , α m ) = (α 1 +· · ·+α m )Q(α 1 , . . . , α m ) for a polynomial Q and take R(t 1 , ..., t r ) := Q(
where a i,j are integers uniquely satisfying χ j = r i=1 a i,j p i . By differentiating (8.5.6) by R(∂ t 1 , . . . , ∂ tr ) and setting τ = t, we obtain toric residue mirror symmetry for polynomials of the form P (α 1 , . . . , α m ) = (α 1 + · · · + α m )Q(α 1 , . . . , α m ).
9. Martin's formula 9.1. Let G be a reductive algebraic group with a maximal torus T ⊂ G. The Weyl group and the set of roots are denoted by W and ∆. Let further X be an affine scheme with G-action, and fix a character θ of G. We write the line bundle on X/ /T associated with α ∈ ∆ as L α , and set
We write the natural projection and inclusion as
Theorem 9.2 (Martin [Mar] ). If a is a lift of a, then one has 
Sr where ∆ := 1≤i<j≤r (x i − x j ).
9.4. The equivariant cohomology ring of Gr(r, n) with respect to the natural action of the diagonal maximal abelian subgroup H ⊂ GL n is presented as Res x=(λ i 1 ,...,λ ir ) P (σ 1 , . . . , σ r ) i =j
.
Quasimap spaces for GIT quotients
10.1. Let G be a reductive algebraic group acting on an affine variety W and fix a character θ of G. In this paper, we will always assume the following:
(1) Semi-stability implies stability.
(2) The semi-stable locus W ss is smooth and non-empty. (3) The G-action on W ss is free (however, see [CCFK15] for allowing finite non-trivial stablizers). 
10
.3. For a quasimap u : P 1 → [W/G] and a G-equivariant line bundle L on W , the pull-back u * L is a G-equivariant line bundle on P , which descends to a line bundle u * L on P 1 . The degree of a quasimap u :
10.4. An isomorphism of quasimaps u = (P, u) and 
10.6. There is a natural G m -action on Q(W/ /G; d) coming from the standard G m -action on P
1 . As described in [CFK14, Section 4.1], the fixed locus of this action is identified with the coproduct
of fiber products with respect to the evaluation map.
10.7. If W has at worst lci singularity, then Q(W/ /G; d) has a canonical perfect obstruction theory, which allows one to define the virtual fundamental cycle. It is an element of the homology group of Q(W/ /G; d) whose degree is given by the virtual dimension 1 and a G-equivariant morphism u : P → W . Let P ′ := P| Q(W/ /G;d)×{pt} be the restriction of P to a fiber of the second projection Q(W/ /G; d) × P 1 → P 1 . We write the Chern-Weil homomorphism defined by P ′ as
W by Chevalley restriction theorem. For P ∈ C[t] W , we set
Conjecture 10.10. Suppose that W ⊂ V is the zero locus of G semi-invariant polynomials f i , i = 1, ..., r. Provided with conditions in §10.1 and 10.7, for any P ∈ C[t]
W , the generating function (10.9.3) of quasimap invariants coincides with the correlation function (2.2.4) of the A-twisted gauged linear sigma model up to an overall sign;
Here the potential of GLSM is given as a G-invariant function i f i p i of V × A r where p i denotes i-th coordinate of A r with R-charge 2.
10.11. By taking P ′ to be the fiber over a fixed point of the natural G m -action on the domain curve P 1 , one can define G m -equivariant quasimap invariants P Gm W/ /G . If W has an action of an algebraic torus H commuting with the action of G, then one can define H × G m -equivariant quasimap invariants P Gm×H W/ /G .
Quasimap spaces for Grassmannians
11.1. Let Mat(r, n) ∼ = A r×n be the space of n × r matrices, which is considered as the space of linear maps from an r-dimensional vector space to an n-dimensional vector space. It has a natural action of GL r , and the GIT quotient Gr(r, n) := Mat(r, n)/ / GL r is the Grassmannian of r-spaces in an n-space.
11.2. The quasimap space Q(Gr(r, n); d) classifies pairs (P, u) of a principal GL r -bundle P and a GL r -equivariant map u. The choice of a principal GL r -bundle P is equivalent to the choice of a vector bundle S of rank r, and the choice of a GL r -equivariant map u is equivalent to the choice of a map S → O ⊕n P 1 , which is a sheaf injection since the generic point must go to the semi-stable locus (but not necessarily a morphism of vector bundles). The choice of a sheaf injection S → O ⊕n P 1 is equivalent to the choice of a surjection O ⊕n P 1 → Q, where Q is a coherent sheaf whose Hilbert polynomial is d + (n − r)(t + 1). This is the same as the Hilbert polynomial of a locally free sheaf of rank n − r and degree d, and one has an isomorphism Fl(m 1 , . . . , m k , r, n) , (11.3.2) where 1 ≤ m 1 < m 2 < · · · < m k = r denote the jumping indices;
Let x 1 , . . . , x r be the Chern roots of the dual of the universal subbundle on Gr(r, n). We also define |x| := r i=1 x i and |d| := r i=1 d i for d = (d 1 , ..., d r ) . The I-function can be computed by localization as
As shown in [BCFK05, page 109], the I-function and the J-function agrees for Gr(r, n) just as in the case of projective spaces.
11.4. The Hori-Vafa conjecture [HV] proved in [BCFK05] shows that the I-functions of (P n−1 ) r and Gr(r, n) are related by
11.5. As shown in [BCFK05] , the equivariant I-function with respect to the natural action of H = (G m ) n on Mat(r, n) is given by
(11.5.1) and the factorization gives
Here σ 1 = r i=1 x i is the H-equivariant first Chern class of the vector bundle
on Gr(r, n), where the G-action on C r is the defining representation. does not depend on the choice of p ∈ P 1 . For P (σ 1 , . . . , σ r ) ∈ C[σ 1 , . . . , σ r ], we set
. . , σ r ) (11.7.2) and
, (11.8.2) where δ, x denotes the first Chern class associated to the weight δ (expressed in terms of the fundamental weights x 1 , ..., x r of the maximal diagonal torus of G). Localization with respect to the natural G m -action on Q(Gr(r, n); d) shows
just as in (8.5.3).
12. Residue mirror symmetry for Grassmannians 12.1. We define the abelianized quasimap space for Gr(r, n) by
defines a genuine map of degree d if the matrix (ϕ ij (z 1 , z 2 )) i,j has rank r for any (z 1 , z 2 ) = 0. For P (σ 1 , . . . , σ r ) ∈ C[σ 1 , . . . , σ r ], we set
(12.1.5)
(12.1.6) 12.2. If we set G := GL r and V := Mat(r, n), where G acts naturally on V and G m acts trivially on V , then we have
that (2.2.4) gives the same result as (12.1.4);
12.3. We write the ring homomorphism Proof. It follows from (3.7.2) that
where the last equality is the Vafa-Intriligator formula [ST97, Theorem 4.6].
12.5. Theorem 12.4 is related to intersection theory on the moduli space of vector bundles on a Riemann surface through a theorem of Witten [Wit95] , which states the existence of a ring isomorphism QH(Gr(r, n))/(q − 1) ∼ − → R(U(r)) n−r,n from the quantum cohomology of Gr(r, n) at q = 1 and the Verlinde algebra of U(r) at SU(r) level n − r and U(1) level n.
12.6. We define the G m -equivariant correlator of P (σ 1 , . . . , σ r ) ∈ C[σ 1 , . . . , σ r ] by (x 1 , . . . , x r ) , . . . , σ r (x 1 , . . . , x r )).
By acting D t := 1≤i<j≤r z∂ t i − z∂ t j and −D τ := 1≤i<j≤r −z∂ τ i + z∂ τ j on both sides of
Gr(r,n) (12.6.5)
on the left hand side and
on the right hand side. By setting t i = t + (r − 1)π √ −1, τ i = τ + (r − 1)π √ −1 and using (11.4.1), one obtains e (t−τ )σ 1 /z ab Gr(r,n) = 1 r! (P n−1 ) r ∆ ∪ I Gr(r,n) (t; z) ∪ ∆ ∪ I Gr(r,n) (τ ; −z) (12.6.7) = Gr(r,n) I Gr(r,n) (t; z) ∪ I Gr(r,n) (τ ; −z), where the last equality is Martin's formula (9.4.2). On the other hand, localization with respect to the natural G m -action on the domain curve gives the factorization
I Gr(r,n) (t; z) ∪ I Gr(r,n) (τ ; −z). (12.6.8)
Together with (12.6.7), this gives the equality
(12.6.9) of the abelianized correlator and the ordinary correlator. For any P (x) ∈ C[x 1 , . . . , x r ] Sr , the same argument gives P (x)e (t−τ )·x/z ab Gr(r,n) (12.6.10)
where t i = t + (r − 1)π √ −1 and τ i = τ + (r − 1)π √ −1. By setting t = τ in (12.6.10), one obtains
ab Gr(r,n) = P (x) Gr(r,n) . (12.6.11) Together with (12.2.1), this proves Conjecture 10.10 for Grassmannians.
12.7. Let Y ⊂ Gr(r, n) be the zero locus of a general section of a globally-generated vector bundle V on Gr(r, n) associated with a representation V of GL r . The set of weights of V is denoted by ∆(V ). We define the abelianized G m -equivariant MorrisonPlesser class of Y by
For P ∈ C[σ 1 , . . . , σ r ], we set
where v := δ∈∆(V ) δ, x is the Euler class of the normal bundle of Y in Gr(r, n). By the same reasoning as in Section 12.6 with the insertion of the abelizanized Morrison-Plesser class, one obtains
Here, the identification between q and the Fayet-Illiopoulos parameter t ′ is given by 
. 12.9. When V is a direct sum of line bundles, the mirror of Y is constructed by toric degenerations [BCFKvS98, BCFKvS00] . It is an interesting problem to compare the generating function (11.7.3) with the Yukawa coupling of this mirror.
13. Bethe/gauge correspondence 13.1. Let V 1 and W 1 be Hermitian vector spaces of dimensions r and n. The unitary group U(r) acts naturally on V 1 and trivially on W 1 , inducing an action on T * Hom(V 1 , W 1 ) ∼ = Hom(V 1 , W 1 )⊕Hom(W 1 , V 1 ). The real and complex moment maps for this action are given by
It follows that the hyperKähler quotient is isomorphic to T * Gr(r, n);
This suggests that the gauged linear sigma model with the gauge group U(r) and the reprensetation V := Hom(W 1 , V 1 ) ⊕ Hom(V 1 , W 1 ) ⊕ End(V 1 ) describes the quantum cohomology of T * Gr(r, n). Here End(V 1 ) is the Lagrange multiplier for the complex moment map equation, and the potential is given by V ∋ (i 1 , j 1 , P ) → tr(P i 1 j 1 ). (13.1.4) Let H := H 1 × H 2 be the product of • the diagonal maximal torus H 1 of U(n), acting on Hom(W 1 , V 1 ) and Hom(V 1 , W 1 ) through the natural action on W 1 , and trivially on End(V 1 ), and • the group H 2 = U(1) acting trivially on Hom(W 1 , V 1 ), by scalar multiplication on Hom(V 1 , W 1 ), and by inverse scalar multiplication on End(V 1 ).
One has
Sr is given by
where Res denotes the sum of residues at the points where x i is one of λ j for i = 1, . . . , r and j = 1, . . . , n (there are n r such points). This can formally be regarded as an equivariant integration over the projective space of dimension r i=1 (d i + 1) − 1, and it is an interesting problem to give a geometric interpretation.
The effective potential (2.4.1) of this gauged linear sigma model is given by
where λ j and µ are equivariant parameters for the actions of H 1 and H 2 respectively. Note that
so that the equations e ∂x i W eff = 1, i = 1, . . . , r gives n j=1 1 − e
where Res denotes the sum of residues at the roots of the equations (13.1.16).
13.2. The Heisenberg model, also known as the homogeneous XXX 1 2 model, is the SU(2) spin chain model with Hamiltonian 
The total spin
clearly commutes with the Hamiltonian, and we restrict to the S z -eigenspace H r ⊂ H with eigenvalue (−n + r)/2. We impose the quasi-periodicity condition 14.2. Representations of the chainsaw quiver satisfying dim V n = 0 are in one-to-one correspondence with representations of the handsaw quiver shown in Figure 14 .2. It is shown in [FR14, Section 2.3] (see also [Nak12, Section 3] for an exposition) that the Nakajima quiver variety associated with the handsaw quiver is isomorphic to the parabolic Laumon space parametrizing flags 0 = E 0 ⊂ E 1 ⊂ · · · ⊂ E n−1 ⊂ E n = W ⊗ C O P 1 (14.2.1) of locally free sheaves on P 1 such that rank E i = j≤i dim W j , deg E i = − dim V i , and the flag at ∞ ∈ P 1 is equal to the standard flag 0 ⊂ W 1 ⊂ W 1 ⊕ W 2 ⊂ · · · ⊂ W 1 ⊕ 34 W 2 ⊕ · · · ⊕ W n−1 ⊂ W. This coincides with the space of based quasimaps to partial flag varieties, i.e., quasimaps with specified value at infinity.
Quasimaps and monopoles
15.1. Let G be a compact Lie group with a maximal torus H. A monopole on R 3 is a pair (A, Φ) of a connection A on a principal G-bundle P and a section Φ of P × G g satisfying the Bogomolny equation In order for the curvature to have a finite L 2 -norm, it is natural to demand that the restriction of Φ to a sphere with large radius tends to a map to a fixed adjoint orbit O ∼ = G/H ∼ = G C /P . The homotopy class k ∈ π 2 (G C /P ) of the resulting map is called the charge of the monopole.
15.2. A choice of a gauge satisfying a certain boundary condition at infinity is called a framing of the monopole. The framed moduli space is a principal H-bundle over the unframed moduli space. The framed moduli space has a natural hyperKähler structure coming from the dimensional reduction of the anti-self-dual equation in dimension 4.
Monopoles on R
3 are related to
(1) spectral curves on T P 1 , (2) Nahm's equation for T i ∈ C ∞ ((0, 2), Mat(k, k; C)), and (3) based quasimaps from P 1 to G C /P of degree k.
(1) comes from the twistor correspondence [Hit82, Hit83] , and (2) comes from Nahm transform [Nah82] . (3) is proved for SU(2) in [Don84] , and the general case can be found in [Jar98b, Jar98a] and references therein.
Quasimaps and vortices
16.1. Let X be a Kähler manifold, (E, h) be a Hermitian vector bundle on X, and τ be a positive real number. The Yang-Mills-Higgs functional sends a pair (A, φ) of a unitary connection d A of (E, h) and a section φ of E to For a holomorphic section φ of E, we set µ(E) := sup {µ(E ′ ) | E ′ is a reflexive subsheaf of E of rank less than E} , µ M (E) := max {μ(E), µ(E)} , µ m (E, φ) := inf rank(E)µ(E) − rank(E ′ )µ(E ′ ) rank(E) − rank(E ′ ) E ′ is a reflexive subsheaf of E such that rank E ′ < rank E and φ ∈ Γ(E ′ ) .
A pair (E, φ) of a holomorphic vector bundle E and its holomorphic section φ is said to be stable if
